In this paper we present, in a integral form, the Euclidean Green function associated with a massless scalar field in the five-dimensional Kaluza-Klein magnetic monopole superposed to a global monopole, admitting a non-trivial coupling between the field with the geometry. This Green function is expressed as the sum of two contributions: the first one related with uncharged component of the field, is similar to the Green function associated with a scalar field in a four dimensional global monopole spacetime. The second contains the information of all the other components. Using this Green function it is possible to study the vacuum polarization effects on this spacetime. Explicitly we calculate the renormalized vacuum expectation value Φ * (x)Φ(x) Ren , which by its turn is also expressed as the sum of two contributions.
Introduction
A few years ago, Gross and Perry [1] , and Sorkin [2] presented a soliton-like solution of the five-dimensional Kaluza-Klein theory corresponding to an Abelian magnetic monopole. As the Dirac solution, their solutions describe a gauge-dependent string singularity line, if the fifth coordinate is conveniently compactified. Moreover, their solutions depend on the parameter m related with the physical magnetic charge g and the the radius of the Kaluza-Klein circle R by m = g √ πG = R/8 ,
being G the Newton's constant. Also Gegenberg and Kunstatter [3] found another magnetic monopole solution. Their solutions were obtained by applying the static and Ricciflat requirement on the filed equations. A global monopole is a heavy topological object formed in the phase transition of a system composed by self-coupling iso-scalar field φ a , whose original global O(3) symmetry of the physical system is spontaneously broken down to U(1). The scalar matter field plays the role of an order parameter which outside the monopole's core, acquires a non-vanishing value. The simplest model which gives rise to a global monopole has been proposed by Barriola and Vilenkin [4] , and is described by the Lagrangian density below
with a = 1, 2, 3 and η being the scale energy where the symmetry is broken. The field configuration which describes a monopole is φ a (x) = ηf (r)x a ,
wherex axa = 1. Coupling this matter field with the Einstein equation, a spherically symmetric regular metric tensor solution is obtained. Barriola and Vilenkin also shown that for points outside the global monopole's core the geometry of the manifold can be approximately given by the line element
with α 2 = 1 − 8πGη 2 . This line element represents a three-geometry with a solid angle deficit and a non-vanishing scalar curvature.
Recently a new solution for the Kaluza-Klein magnetic monopole in a five-dimensional global monopole spacetime has been found [5] . This solution corresponds to a composite topological object, i.e., an Abelian magnetic monopole superposed to a point-like global monopole. It was obtained by coupling the energy-momentum tensor associated with the five-dimensional generalization of the global monopole system, with the respective Einstein equation in the presence of an Abelian magnetic monopole. Due to the presence of the matter source, the Ricci-flat condition is no longer fulfilled. The solution can be expressed by the following line element in terms of the five-dimensional coordinates x A = (x µ , Ψ) = (t, r, θ, φ, Ψ):
with V (r) = 1 + 4m αr .
As has been pointed out by Gross and Perry [1] , the gauge field associated with the magnetic monopole
presents a singularity at θ = π. However, this singularity is gauge dependent if the period of the compactified coordinate Ψ is equal to 16πm. This is the geometric description of the Dirac quantization. Adopting this period for the extra coordinate, it is possible to provide the Wu and Yang formalism [6] to describe the four-vector potential, A µ , associated with the Abelian magnetic monopole without line of singularity. In order to do that it is necessary to construct two overlapping regions, R a and R b , which cover the whole space section of the manifold. Using spherical coordinate system, with the monopole at origin the only non-vanishing components for the vector potential are
with 0 < δ < π/2. In the overlapping region, R ab , the non-vanishing components are related by a gauge transformation. Using the appropriate normalization factor [1] , one can rewrite the above vector potential in terms of the physical one,
where S = e 2iqφ , q = eg = n/2 in unitsh = c = 1 and g being the monopole strength. In terms of non-physical vector potential this gauge transformation corresponds to subtract the quantity 8m, which compensates the changing in the fifth coordinate Ψ ′ = Ψ + 8mφ. Here, we shall consider the quantum analysis of a massless five-dimensional scalar field Θ(x) in the spacetime described by (5) . This field can be expanded in a Fourier series
being Y q lm (θ, φ), with q = n/2, the monopole harmonic [7] solution of the eingen-value equations below
with l = |q| , |q| + 1 , |q| + 2 , ... and m = −l , −l + 1 , ... , l. Where
The Green function associated with the massless scalar field in this spacetime can be obtained by solving the differential equation
g (5) being the determinant of the metric tensor. Here we have introduced a non-minimal coupling between the field with the geometry, ξR, with ξ being an arbitrary constant and R the Ricci scalar curvature.
Green functions in a four-dimensional pointlike global monopole spacetime have been obtained in [8] and [9] to massless scalar and fermionic fields, respectively. Also the effect of temperature on these function has been considered in [10] . More recently the Green function associated with a charged massless scalar field in the global monopole spacetime superposed to an Abelian magnetic monopole, has been calculated in [11] . The Green function is important quantity to calculate vacuum polarization effects due to the presence of matter fields. Specifically for scalar field, the vacuum expectation value of the square of this field is formally given by
So the objective of this paper is to calculate the Green function associated with a massless scalar field in the five-dimensional spacetime, which takes into account the presence of the magnetic interaction between the matter field and the magnetic monopole in the unified formalism of Kaluza-Klein. Having this function the next steps is to calculate the vacuum polarization effect on this manifold, trying to understand the consequence of considering an extra compactified dimension. This paper is organized as follows. In section 2, we explicitly calculate the Euclidean Green function associated with this system. As we shall see, this Green function, as the scalar field, will be expressed in terms of an infinite sum of all the Fourier components associated with the quantum number n. For the component n = 0, the respective Green function, G (0) (x, x ′ ), is similar to the scalar Green function in a four-dimensional global monopole spacetime. As to the other components, the respective Green function,Ḡ(x, x ′ ), will be expressed as the summation of all the n = 0 component G (n) (x, x ′ ). Although we have not found in the literature an explicit expression which provides to expressḠ(x, x ′ ) in terms of any kind of special function, we were able to furnish an integral representation to it. In subsection 2.1, we calculate the renormalized vacuum expectation value of the square of the scalar field, Φ(x) * Φ(x) . We show that this expectation value can be expressed as the sum of two contributions: the first, being given by the n = 0 component of the total Green function, is associated with the uncharged component of the scalar field (10) . The second contribution takes into account all the other Fourier components. In subsection 2.2, we present a formal expression to the renormalized vacuum expectation value of the energy-momentum tensor, T A B (x) . In section 3, we present our conclusions and the most important remarks about this system. In the Appendix we present the explicit calculation of the GreenḠ(x ′ , x) associated with the uncharged components of the field.
Euclidean Green Function
The Euclidean Green function can be obtained by the Schwinger-DeWitt formalism as follows:
where K(x, x ′ ; s) is the heat kernel, which can be expressed in terms of the sum over the complete normalized set of eigenstates of the Klein-Gordon operator. For the massless scalar field this operator reads:
The covariant five-dimensional d'Alembertian operator
in the spacetime defined by (5) reads
On the other hand the Ricci scalar curvature is:
Admitting to the eigenfunction Θ σ (x) the form
and assuming q = n/2 it is possible to obtain the following differential equation
where we have identify
Admitting
we find the differential equation obeyed by the unknown radial function R(r):
The solution to the above differential equation regular at origin is proportional to the Whittaker function [12] M λ,β (2ipr) with λ and β being given in terms of the parameters m and γ, and also in terms of the variable p. Unfortunately with this function it is not possible to present the Green function in a closed form. So at this point we should make an approximation in our calculations: we shall discard the terms proportional to m/r in (25). This means that we are considering points very far from the origin 1 . In [1] is given an estimative value to the radius of the Kaluza-Klein circle: R = 3.7×10
−32 cm. So we are considering points at distance greater than 3.7 × 10 −32 cm. Accepting this approximation (25) becomes
The solution to the above equation regular at origin is
being J ν the Bessel function of order
So the normalized eigenstate of the Klein-Gordon operator (16) is
By making a Wick rotation, t → iτ , and according to (17) the Euclidean heat kernel is given by
I ν being the modified Bessel function. In Ref. [13] , Wu and Yang have derived some properties of the monopole harmonics, including the generalization of spherical harmonics addition theorem. However, because we are interested to calculate the renormalized value of the Green function in the coincidence limit, a simpler expression is obtained by taking θ = θ ′ and φ = φ ′ in (31). In Appendix A of [11] we have shown the simplified result to the sum of product of monopole harmonics in coincidence limit in the angular variables:
Moreover we shall take the coincidence limit in the fifth coordinate Ψ ′ = Ψ and the Euclidean temporal coordinate τ ′ = τ in (31). Doing this we get a simpler expression to the heat kernel which depends on the quantum number n in its second power. Now according to (15) we get:
where
As we can see the above Green function is composed by two contributions: the first one, G (0) , corresponds to the Fourier component n = 0 of the scalar field operator, and the second,Ḡ to the other components. By using [12] it is possible to develop the integral in s for the first contribution. So we get
with cosh u = r 2 +r ′2 2rr ′ and Q ν being the Legendre function, whose integral representation is
This Green function is exactly
times the Green function obtained in a four-dimensional spacetime (see [8] ).
As to the second contribution of (33), we did not find in the literature the explicit expression to the integral in the variable s. In Appendix A we give the procedure adopted to provide a simpler and workable expression toḠ, which will be adopted by us in the analysis of the vacuum polarization effect. The result to this contribution is:
with
being
Finally we can write
As the n = 0 component of the Green function, Eq. (35), it is not possible to develop the integral above and provide a closed expression to G (n) . The best we can do is to express it in an integral representation. Moreover (40) is similar to the n = 0 component; however its coefficient is twice bigger than the coefficient multiplying the uncharged sector.
Another point that should be mentioned is that because of the non-trivial dependence of the parameter ν q l with α and q, it is not possible to develop exactly the sum in l in (40). On the other hand for ξ = 1/8, the geometric series in (35) can be performed, providing a simpler expression to G (0) . Having these Green functions, it is possible to calculate the vacuum polarization effect in the gravitational background of the composite five-dimensional Kaluza-Klein magnetic and global monopoles.
2..1 Computation of
Here, in this subsection, we shall discuss the calculation of the vacuum expectation value of the square of the massless scalar field operator. This quantity is formally obtained by calculating the complete Green function in the coincidence limit:
However, this procedure provides a divergent result. In order to obtain a finite and well defined result it is necessary to introduce some renormalization procedure. In this paper we shall apply the point-splitting renormalization procedure. The basic idea of this method consists to examine the singular behavior of the above limit, identify the divergent terms and subtract them off [14] . Let us apply this method separately for each component of (41). We shall first start with the uncharged component of the vacuum expectation value,
As we have already said G (0) is proportional to the Green function obtained by Mazzitelli and Lousto in [8] . So the procedure to renormalize this component is by subtracting from G (0) the Hadamard function below
where µ is an arbitrary cutoff energy scale, R = 2(1 − α 2 )/r 2 the scalar curvature in the four-dimensional global monopole spacetime, and σ(x ′ , x) one-half of the square of the geodesic distance between x ′ and x. For the radial point splitting, in our approximation we have σ = (r ′ − r) 2 /2α 2 . Because the calculation of the vacuum expectation value (VEV) of the square of the massless scalar field operator has be developed in [8] for an arbitrary value of the nonminimal coupling ξ, up to the first order in the parameter η 2 = 1 − α 2 ≪ 1, and in an exact form for ξ = 1/8, we shall not develop here the calculation of the VEV below
We shall give only the result obtained for ξ = 1/8:
The new calculation is to obtain the VEV associated with all charged components of the Green function. In order to get some information how we should procedure, we first analyse the singular behavior of each component G (n) (r ′ , r). First of all, it is necessary to develop the summation on the angular quantum number l in (40):
Unfortunately it is not possible to develop this summation in an exact way even for ξ = 1/8. Here it is necessary to adopt an approximation procedure: we shall develop and expansion of ν q l in powers of q 2 (l+1/2) 2 < 1. Moreover, developing an extra expansion in powers of parameter η 2 , we get a very large expansion as shown in [11] . So in order to obtain a more compact expression to the summation above, which allow us to procedure the summation in the quantum number n to getḠ(r ′ , r), we shall adopt ξ = 1/8. So doing this we obtain, up to the first order in q 2 (l+1/2) 2 , the following expression:
with q = n/2. So G (n) becomes:
Analysing G (n) in the limit r ′ → r, it is possible to observe that this Green function presents effectively a four-dimensional Hadamard singular structure. So to renormalize the VEV of the square of the n−component of the scalar field, we should take the following Hadamard function:
beingā 1 = (ξ − 1/6)R + (2q/R) 2 , with ξ = 1/8. R is the scalar curvature and R = 8m the radius of the circle in the fifth dimension. So, although the singular structure of the Green function be of the same type as the four-dimensional Hadamard one, the coefficient a 1 in the above function presents an extra contribution proportional to the inverse of the square of the radius when compared with the expression given in the literature to this coefficient [15] .
After this discussion let us return to the VEV of the square of the n component of the scalar field:
with q = n/2, being n = 1, 2, 3, ... . So the above result is valid only for charged Fourier components of the scalar field. Now let us return to the complete Green function. According to (37),Ḡ is given by developing the summation on the quantum number n in (48). Doing this we found:
Now, at this point, we have to analyze the singular behavior ofḠ. Taking r ′ → r, we observe that its singular behavior becomes more severe than for G (n) (r ′ , r). In fact it is possible to show that in this limit we havē
with σ = (r − r ′ ) 2 /2α 2 . So it contains the structure of the five-dimensional Hadamard function
and also the four-dimensional Hadamard function
at the same time. If we are inclined to provide a finite and well defined vacuum expectation value of the square of the sum of all charged components of the scalar field operator, we have to extract all the divergences ofḠ. We shall do this by subtracting from this Green function the "Hadamard" one which presents the same kind of singularity as given in (53). So we have:
withḠ
The coefficients above will be determined appropriately by imposing that (56) be finite. Expressing all the singular terms by using the identities
and ln
it is possible to obtain all coefficients of (57) according to our requirement. These coefficients are long ones; however, because of the approximation adopted in the beginning of calculation, they can be written shortly as:
At this point two important remarks should be mentioned: i) We did not find in the literature expressions to the coefficients of the adiabatic expansion of the Hadamard function for this five-dimensional spacetime, which presents a compactified dimension. ii) Consequently we do not have any geometric explanation to them. They have been found to provide a finite result to the (56). The general structure to this VEV is:
2..2 Dimensional Analysis of T B A
The energy-momentum tensor associated with scalar field in a n dimensional curved spacetime is given in [16] . For this five-dimensional spacetime, considering a massless field and ξ = 1/8 it reads:
where R AB and R are the Ricci tensor and the scalar curvature, respectively. The vacuum expectation value of the energy-momentum tensor operator is formally given by
The non-local bivector differential operator, D AB ′ (x ′ , x), for this case reads:
The primes denote the derivative acting at x ′ rather than at x. The calculation of the VEV above provides a divergent result. So in order to obtain a finite and well defined result we must apply some renormalization procedure. Adopting the point-splliting renormalization one, we subtract from the Green function, G(x ′ , x), the Hadamard one, G H (x ′ , x):
This quantity must be conserved,
As to the trace anomaly, in principle it exists only for even-dimensional spacetime. In fact, as has been shown by Christensen [17] the trace of the renormalized VEV of the energy-momentum tensor is given by
for a even n dimensional spacetime 2 . On the other hand in our previous calculations, we have found that in this five-dimensional spacetime, there appears a logarithmic term in the Φ * (x)Φ(x) Ren , which should be absent in an odd-dimensional space. So we conclude that although being five-dimensional, this spacetime with the fifth coordinate compactified with period 16πm, and for distance r much greater than m, presents a four-dimensional characteristic. So it is expected a non-vanishing trace for this case, i.e.,
Another point that we want to mention is that (65) presents two contributions: the first one coming from the uncharged component of the scalar field, T AB (x) (0)
Ren , and the second coming form the other components, T AB (x) Ren . The dimensional analysis of the renormalized vacuum expectation value of the energy-momentum tensor associated with a scalar field in a four-dimensional global monopole spacetime has been developed in [8] considering this object as a pointlike one. Although the authors did not calculate explicitly this quantity, they present its general structure.
Here in this paper we also shall not calculate explicitly T AB (x) Ren . However we can say that the general structure for this tensor is: 
where F B A and G
B
A are polynomials in the ratio r/m and depending on the parameter α which codifies the presence of the global monopole.
The Hadamard function for the first contribution could be constructed by knowing the Hadamard function for an ordinary four-dimensional spacetime, G (4) H (x ′ , x); however the second case presents a new structure. So we had to construct the respective Hadamard function in a appropriate way,Ḡ H (x ′ , x). So the renormalized vacuum expectation value of the square of the scalar field becomes:
H (x ′ , x)] + lim
By these analysis we may conclude that although being five-dimensional, because of the compactification of the fifth coordinates, with period 16πm, and also because we are considering points at distance to the monopole, r, much greater than m, this space presents four-dimensional behavior in the singular behavior of the Green function. Consequently, there appears a logarithmic contribution in the above renormalized VEV, which presents an arbitrary energy scale µ. We also analyse the general structure of the renormalized vacuum expectation value of the energy-momentum tensor, T AB (x) Ren . By dimensional arguments and also by the result obtained in previous analysis, we infer that this quantity behaves as Unfortunately we did not calculate the explicit expressions to the two tensors above. By inspection we can see that they present dependence on the ratio r/m up to second power.
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Appendix A: Calculation of the Second Contribution of (33)
The second contribution to the Green function given by (33),Ḡ(r, r ′ ), is given bȳ 
